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EFFECTS OF JOINT VIBRATIONAL STATES ON THERMAL
BOUNDARY CONDUCTANCE

Patrick E. Hopkins and Pamela M. Norris
Department of Mechanical and Aerospace Engineering, University of Virginia,
Charlottesville, Virginia, USA

The accuracy of predictions of the thermal boundary conductance (hBD) made using tradi-

tional models such as the diffuse mismatch model (DMM) varies depending on the types of

material comprising the interface. At interfaces of materials with very different material

properties, the discrepancy between the measured hBD and the DMM results has been

associated with inelastic scattering. In this study, a new model, the joint frequency diffuse

mismatch model (JFDMM), is derived under the assumption that the phonon flux approach-

ing the interface is altered by phonons vibrating at joint frequencies around the interface

affected by phonons on both sides of the interface. This model yields improved hBD predic-

tions for a wide range of materials over a temperature range of several 100s of Kelvin,

indicating that at these temperatures, substrate phonons are participating in interfacial

thermal transport.

KEY WORDS: thermal boundary conductance, phonon, inelastic scattering, diffuse

mismatch model, acoustic mismatch, Debye temperature

INTRODUCTION

An understanding of the basic energy transport mechanisms involved in inter-
facial thermal transport is critical for thermal management of nanostructured devices.
As characteristic length scales decrease, heat transport away from the active regions in
these devices is affected by the interfaces between the differing materials surrounding
this region [1]. An ever increasing challenge in the development of these devices is
successfully accounting for the temperature drop �T across the interface. This �T
creates a heat flux across the interface _qint that differs from the flux in the materials on
either side of the interface. The thermal transport across the interface is characterized
by the thermal boundary conductance hBD, which is the conductance per unit area that
relates the heat flux to the temperature drop.

In an attempt to predict this thermal boundary conductance at low tempera-
tures, Little proposed the acoustic mismatch model (AMM) to account for the spec-
ular scattering of phonons at an interface between two materials [2,3]. Although this
has been shown to predict hBD relatively well at low temperatures (T , 7 K) and at
ideal interfaces where specular scattering is probable [4], this represents only a very
limited population of interfaces in modern devices, which may operate at higher
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temperatures and have disordered regions near the interface that induce diffuse
scattering.

To account for this type of phonon scattering, Swartz and Pohl developed the
diffuse mismatch model (DMM) to predict hBD at more realistic interfaces [5]. The
DMM theory assumes elastic scattering; that is, upon scattering a phonon forgets
where it came from and thus the probability of reflection from one side equals the
probability of transmission from the other. This model has been shown to predict the
response of higher temperature interfaces (T . 15 K) relatively well [4,5]. However, at
much higher temperatures, the DMM has been shown to do a poor job of predicting
the value of hBD, in some cases underpredicting [6] while in other cases overpredicting
[6–9]. These inaccuracies at higher temperatures could be due to the assumptionsmade
about elastic scattering of phonons across the interface.

This study examines the discrepancy between theoretical hBD values calculated
from the DMM and those measured at various metal/dielectric interfaces. The aim is
to address the discrepancy that results specifically from the elastic scattering assump-
tion. By introducing a simple correction to the DMM based on joint vibrations of the
phonons near the interface, DMM predictions are shown to significantly improve
when compared to recent data in systems where inelastic scattering is thought to
dominate interfacial transport. In the following section, the DMM is reviewed and
specific assumptions are readdressed. Previous experimental results are presented and
compared with traditional DMM calculations and the discrepancies are discussed
with reference to the DMM assumptions. Then, the effects of inelastic scattering on
hBD are qualitatively discussed followed by a presentation of improvements to the
DMM and a comparison of calculations to previous experimental data.

DIFFUSE MISMATCH MODEL

A complete derivation of the DMM theory is outlined by Swartz and Pohl [5],
and therefore only the critical points will be highlighted here. Consider a metal/
dielectric system in which phonons are propagating toward an interface of the metal

NOMENCLATURE

D ¼ density of states, s m�3

hBD ¼ thermal boundary conductance,
W m�2 K�1

M ¼ atomic weight, g mol�1

N ¼ density of oscillators, m�3

NA ¼ Avagadro’s number, mol�1

n ¼ Bose-Einstein distribution
function

_q ¼ heat flux, W m�2

T ¼ temperature, K
v ¼ phonon velocity, m s�1

Greek Symbols

a ¼ transmission probability
� ¼ change in

z ¼ weighting factor
�D ¼ Debye temperature, K
� ¼ mass density, kg m�3

f ¼ angle of incidence
o ¼ frequency, s�1

Subscripts
i ¼ side
int ¼ interface
j ¼ phonon modee
mod ¼ modified

Superscripts

c ¼ cutoff
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(side 1) and the dielectric (side 2). In the following discussion, side 1 will refer to the
side of the interface with the ‘‘softer’’ material and side 2 will refer to the side of the
interface with the ‘‘stiffer’’ material. The net heat flux occurring from side 1 to side 2
can be calculated by

_q ¼ hBD�T ð1Þ

Using the analogy between photons and phonons as wavepackets of energy, the
intensity of phonons [10] is used to calculate the heat flux determined from the
equation of phonon radiative transfer (EPRT) [11]. The heat flux is expressed as:

_q ¼ 1

2

Z�=2

0

Z!c
1; j

0

D1; jð!Þnð!;TÞ�h!v1; j�1; jð�; !Þ cosð�Þ sinð�Þd!d� ¼ hBD�T ð2Þ

where oc is the cutoff frequency, D(o) is the density of states, n(o,T) is the Bose-
Einstein phonon distribution function, o is the phonon frequency, v is the phonon
velocity, and a(f,o) is the phonon transmission probability. The subscripts 1 and j
refer to the side and the phonon mode (longitudinal or transverse), respectively.

To apply the DMM in its simplest form, the following assumptions must be made
[7]: (1) phonons are elastically scattered; i.e., a phonon from side 1 with frequency o can
only emit a phonon in side 2 with the same frequency o; (2) phonon scattering is
completely diffuse; i.e., a scattered phonon has no memory of the mode (longitudinal
or transverse) or direction of the incident phonon; and (3) the materials on both sides of
the interface are elastically isotropic; i.e., the longitudinal and transverse acoustic
velocities are constant in all crystallographic directions. Assumption 3 relaxes the
angle dependence inEq. (2),which can be rearranged to calculate hBD (this is theDMM):

hBD ¼
1

4

X
j

v1; j

Z!c
1; j

0

�1ð!Þ�h!D1; jð!Þ
@nð!;TÞ
@T

d! ð3Þ

Since the goal of this study is to apply a simple correction to the DMM to account for
discrepancies between calculations and experiments, the remainder of the discussionwill
assume the linear Debye approximation for the phonon dispersion. Although a more
accurate density of states has been shown to increase DMM calculations by 2 or 3 times
in the temperature range of the data referred to in this study [12], the focus of this work is
to account for data that exceed calculations by almost an order of magnitude.

The cutoff frequency of each phonon mode j on side 1 can be calculated for the
separate phononmodes. Assuming Debye dispersion, !c

1; j ¼ v1; jð6�2N1Þ1=3, whereNl is
the total number of oscillators per until volume of side 1 [13]. In cubic structures (several
metals),N1 is simply the atomic density, calculated byN1¼ �NA/M, where � is the mass
density,NA is Avagadro’s number, andM is the atomic weight. However, in structures
with more than one atomic basis (for example, diamond structures with diatomic basis
such as Si), the number of primitive cells per unit volumemust be divided by the number
of atoms in the basis [14]. Therefore, for a diatomic basis, N1 ¼ �NA/(2M).
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Due to the assumption of diffuse scattering, the probability of transmission from
side 1 to side 2 is the same as the probability of reflection from side 2 to side 1, i.e.,
a1(o) ¼ 1 – a2(o). Therefore, according to the principle of detailed balance, the
phonon transmission probability is calculated as [5]:

�1ð!Þ ¼

P�
j

v2; jD2; jð!Þ
P
j

v2; jD2; jð!Þ þ
P
j

v1; jD1; jð!Þ
¼

P
j

v�22; j

P
j

v�22; j þ
P
j

v�21; j

¼ �1 ð4Þ

This simplified transmission coefficient to the right of Eq. (4) is a result of assuming a
Debye density of states and elastic scattering. However, the transmission probability
calculated with the Debye density of states agrees well with the transmission calcu-
lated with a more realistic density of states and molecular dynamics simulations
(MDS) [15, 16].

Calculations of the DMM for Au, Bi, Pb/diamond interfaces are shown in
Figure 1 using elastic constants to calculate phonon velocities and material properties
to calculate the cutoff frequencies [17]. Temperature-dependent hBD measurements of
Pb on diamond and Bi on hydrogen terminated diamond by Lyeo and Cahill [18] and
Au on diamond by Stoner andMaris [9] are also represented in this figure. The DMM
underestimates the data in these acoustically mismatched* material systems. The

Figure 1. Temperature dependence of hBD across several acoustically mismatched interfaces. The Pb and Bi

on diamond measurements were taken from Lyeo and Cahill [18], and the Au on diamond measurements

were taken from Stoner and Maris [9]. The discrepancy between the values and temperature trends of the

measurements and the DMM could be evidence of inelastic scattering contributing to interfacial thermal

transport, a transport mechanism that is not taken into account in the DMM.

*The term acoustic mismatch describes two materials that have significantly different acoustic velo-

cities; the degree of the acoustic mismatch can be easily determined by comparing the material’s Debye

temperatures, �D.
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discrepancy spans almost an order of magnitude in Pb on diamond. Huberman and
Overhauser explained this discrepancy as electrons scattering at the film/substrate
interface, thereby increasing the measured hBD [19]. Lyeo and Cahill measured hBD at
various interfaces in addition to Pb and Bi on diamond, and the results and trends
suggest that the discrepancies between the measurements and models are most likely
due to inelastic phonon scattering, a transport mechanism that is not taken into
account in the DMM.

EFFECTS OF INELASTIC SCATTERING ON hBD

An underlying assumption governing the DMM is that a phonon transmits
energy across an interface by emitting a phonon with the same frequency; i.e., the
phonons are elastically scattered. Therefore, as the interface temperature is driven up
above the Debye temperature of the softer material, hBD is predicted to be relatively
constant by theDMM (for example, Pb/diamond in Figure 1 where �D_Pb¼ 105K and
�D_diamond ¼ 2200 K) [13]. This is a result of the change in phonon population with
temperature predicted by the Bose-Einstein distribution function. At temperatures
close to a material’s Debye temperature, the change in phonon population with
temperature becomes linear. The DMM is a function of the temperature derivative
of the Bose-Einstein distribution, which results in the constant hBD predicted at higher
temperatures (T . �D).

Figure 2 shows the temperature derivative of the Bose-Einstein distribution as a
function of temperature at two different frequencies, the cutoff frequency of Pb and
cutoff frequency of diamond. The cutoff frequency is directly related to the Debye
temperature by �D ¼ hoc/kB. Figure 2 shows the derivative of the phonon population
for two different frequencies at a range of temperatures. In this example, hBD across a

Figure 2. Temperature derivative of the Bose-Einstein phonon distribution function as a function of

temperature shown for two different �D’s (i.e., cutoff frequencies), that of Pb and diamond. The calculations

are normalized at the Debye temperature of Pb, 105 K [13].
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Pb/diamond interface is considered. Assuming elastic scattering, the hBD predictions
would follow a trend relating to the change in the Pb phonon population with
temperature. However, if inelastic phonon processes occur (i.e., several phonons
scatter with frequency!c

Pb and emit a phononwith frequency !c
diamond), then the change

in hBD with temperature would be related to the change in the diamond phonon
population in addition to the Pb population. In this case, a fairly linear increase in
hBD should be observed at temperatures around and above �D_Pb. This linear trend
with temperature was experimentally observed in the previous work presented in
Figure 1.

A linear trend with temperature was also computationally observed with MDS.
Chen et al. showed a linear increase in hBD across a Kr/Ar nanowire with an increase in
temperature from 35 to 55K, which they ascribed to anharmonic processes [20]. Using
MDS, Stevens et al. observed thermal transport across the interface of two FCC lattice
systems with varying degrees of mass and lattice mismatch [15]. A linear increase in
hBDwas observed through temperatures far above the Debye temperatures (T ..�D),
and the conclusion of inelastic scattering among the phonons in these systems was
verified with a detailed wave packet analysis [21]. Kosevich considered the role of
inelastic scattering on the phonon transmission probability [21]. With a multiharmo-
nic model, Kosevich was able to show that inelastic scattering makes a greater
contribution to hBD than elastic scattering for interfaces with very different vibrational
spectra (such as the materials shown in Figure 1); these calculations were not material
specific. The results from this highly theoretical model in addition to the MD calcula-
tions are a product of extremely rigorous or computationally expensive calculations
that may not be practical for many researchers studying interfacial transport. In
addition, it is difficult to apply these works and techniques to specific material systems
that may be of interest in thermal boundary conductance studies.

JOINT FREQUENCY DIFFUSE MISMATCH MODEL

To develop a model that accounts for inelastic scattering, ideally the transmis-
sion probability should be recalculated to account for one or more phonons in side 1
with frequency ol emitting one or more phonons into side 2 with frequencies up to !c

2.
This would require highly complicated theoretical calculations or time-consuming
probabilistic simulations. In an effort to quickly and easily predict the effects that
inelastic scattering may have on hBD, the DMM is slightly modified to account for
phonons in the softer material emitting phonons in the stiffer material with frequen-
cies that are not available in the softer material.

To envision the interface between two materials as an abrupt junction of
material properties is unphysical. The region around the interface, in reality, is
comprised of a mixture of the two materials [23], which responds as a mixture of the
materials’ acoustic and thermal properties [24]. In fact, the atoms near the interface of
two materials are coupled together into joint vibrational modes [19]. In well-matched
material systems, the difference between the modes in the film and substrate are very
small, so the joint vibrational modes near the interface are most likely present in both
the film and substrate, making elastic scattering highly probable. However, in highly
mismatched material systems, the frequencies of the atoms vibrating at the interface
may not be available frequencies in the softer material. Therefore, by blending
the vibrational spectra of the film and substrate materials, an approximation for the
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contribution of these inelastic modes can be simply calculated with a diffuse scattering
assumption with a joint frequency diffuse mismatch model (JFDMM).

Revisiting Eq. (3), the thermal boundary conductance can be redefined as:

hBD ¼
1

4

X
j

vmod; j

Z!c
mod; j

0

�1ð!Þ�h!Dmod; jð!Þ
@nð!;TÞ
@T

d! ð5Þ

where vmod, j,Dmod, j(o), and !c
mod;j are a modified velocity, density of states, and cutoff

frequency, respectively, to account for joint modes around the interface. These mod-
ified acoustic properties, assuming a Debye density of states, can be approximated as:

Dmod; j ¼
!2

2�2vmod; j
3
; ! � !c

mod; j ð6Þ

!c
mod; j ¼ vmod; j½6�2ð�1N1 þ �2N2Þ�1=3 ð7Þ

vmod; j ¼ �1v1 þ �2v2 ð8Þ

where the weighting factor xi is simply a percentage of the composition of each
material in the unit volume, mathematically expressed as:

�i ¼
Ni

N3�i
Mi

Ni

N3�i
Mi þM3�i

ð9Þ

whereMi is the atomic mass of side i. Since the DMM is calculated per unit volume, to
better estimate the percentage composition of the joint vibrating atoms near the
interface, the relative amount of each atom must be taken into account by including
the number of oscillators per unit volume,N. This is similar to calculating the percent
composition of atoms in any compound (for example, the %O in H2O).

Conceptually, the JFDMM is a modification of the DMM to account for
phonons of all frequencies in both materials that could participate in interfacial
transport without explicitly examining the effects of inelastic scattering on phonon
transmission probability. This correction is only a modification to the intensity of
phonons approaching the interface, treating the side 1 phonons approaching the
interface as the weighted average of all phonons in side 1 and side 2. The transmission
of the incident phonon flux is calculated by Eq. (4), the same transmission that is used
in the DMM. This ensures that the fundamental acoustic properties of the materials
that determine phonon transmission are not lost. In a sense, the JFDMM still assumes
elastic scattering (based on transmission calculations), but it assumes that the phonon
flux across the interface from side 1 to 2 increases in a manner that is proportional to
the density of phonons in side 2 in addition to side 1. Therefore, this accounts for an
increase in hBD that could be a result of inelastic scattering.

Figure 3 shows the temperature dependent predictions of hBD from the JFDMM
and DMM alongside the measured data presented in Figure 1. Lead on hydrogen
terminated diamond data taken from Lyeo and Cahill are also shown [18]. The
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JFDMM predicts hBD values and trends that are closer to the measured data than the
DMM for temperatures above the softer material’s Debye temperature (�D_Au¼ 165 K,
�D_Bi ¼ 119 K, and �D_Pb ¼ 105 K). Excellent agreement is shown between the data
taken on Bi and Pb on hydrogen terminated diamond and the JFDMM. The prediction
of the JFDMM is much better for the hydrogen terminated samples than the non-
hydrogen terminated samples. The hydrogen termination substrate preparation could
have reduced the amount of film/substrate mixing during deposition [25], which can
change the thermal boundary conductance and affect the accuracy of the predictions of
the DMM and JFDMM, since interfacial mixing is not taken into account in these
models [23, 26]. The small amount of mixing that occurs around these interfaces can
cause an increase in phonon scattering events, which increases hBD in these acoustically
mismatched samples [5], explaining the close agreement between the JFDMM and the
hydrogen terminated data and the slight underprediction of the JFDMM compared to
the non-hydrogen terminated data.

Figure 3. Measurements of hBD at various temperatures compared with the DMM and JFDMM. The solid

lines represent the DMM and dashed lines represent the JFDMM. The Au/diamond data were taken from

Stoner and Maris [9] and the Bi and Pb on diamond data were taken from Lyeo and Cahill [18]. The

JFDMM shows an improvement from the DMM in both value and trend compared to the experimental

data. These materials form a highly mismatched interface and the agreement between the JFDMM and the

data are much better than the DMM at temperatures above the film’s Debye temperature.
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Figure 4 shows the JFDMM andDMM hBD calculations with high-temperature
data from Hopkins et al. [27]. The three data sets shown are shown are for Pt/AIN,
Pt/Al2O3, and Al/Al2O3. These data were taken at temperatures well above �D_Pt (240
K) and around �D_Al (428 K). In all cases, a better agreement in trend is achieved with
the JFDMM. At the higher temperatures, the JFDMMpredicts hBD relatively well. In
the case of Al/Al2O3, the JFDMM predicts values less than the DMM. This material
system is better matched then the other material systems in this study. Only in heavily
mismatched material systems are inelastic scattering or increased scattering events
theorized to improve hBD [5, 22]. Since the JFDMM does not explicitly consider
inelastic scattering, but considers changes in phonon fluxes due to substrate phonons,†

the Al/Al2O3 data may be in a temperature regime where multiple phonon scattering is
decreasing hBDmore so than inelastic phonon scattering is increasing it. In either case,
the increase in the experimental data over this temperature range suggests that Al2O3

phonons are involved in interfacial thermal transport.

Figure 4. JFDMMandDMMcompared to high-temperature hBD data across interfaces of material systems

that are better matched then those in Figure 3. The JFDMM gives a better prediction than the DMM in the

data at temperature above the film’s Debye temperature.

†Which in heavily mismatched material systems has been associated with inelastic scattering.
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CONCLUSIONS

The accuracy of hBD predictions made using DMM varies depending on the
types of materials comprising the interface. The underlying assumptions made when
applying the DMM may not be valid in certain material systems at temperatures
characteristic in modern devices. It is apparent from the values and trends in experi-
mental data presented in Figures 3 and 4 that additional transport mechanisms, such
as inelastic scattering, are involved in interfacial thermal transport that are not taken
into account in the DMM. In this study, a new model, the JFDMM, is derived under
the assumption that the phonon flux approaching the interface in side 1 is altered by
phonons vibrating at joint frequencies around the interface affected by phonons on
both side 1 and side 2. This model yields improved hBD predictions for several material
systems over a temperature range of several 100s of Kelvin, indicating that over these
temperatures, substrate phonons are participating in interfacial thermal transport. In
highly mismatched materials, this has been associated with inelastic scattering. The
JFDMM involves a simple correction to the DMM that does not involve highly
theoretical or computationally expensive simulations and is ideal for simple calcula-
tions of hBD at interfaces where the assumptions of the DMM may prevent accurate
predictions. Although the JFDMM provides a simple approximation of the effects of
joint vibrational modes on hBD using a Debye approximation, more rigorous calcula-
tions would truly elucidate the effects of these joint modes in specific material systems.
In many material systems, certain vibrational states may have a larger role in hBD than
others, which is not taken into account in the JFDMM. A realistic density of states
and probabilistic phonon Monte Carlo simulations would give more insight. In
addition, MD simulations using potentials that are more appropriate for specific
materials systems would tremendously advance the current knowledge of the effects
of various transport mechanisms on interfacial thermal transport.
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